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Abstract. We consider the energy-supercritical nonlinear wave equation utt — 
All + |«pM = with defocusing cubic nonlinearity in dimension d = 5 with 
no radial assumption on the initial data. We prove that a uniform-in-time a 
priori bound on the critical norm implies that solutions exist globally in time 
and scatter at infinity in both time directions. Together with our earlier works 
in dimensions d > G with general data [3] and dimension d = 5 with radial 
data [4], the present work completes the study of global well-posedness and 
scattering in the energy-supercritical regime for the cubic nonlinearity under 
the assumption of uniform-in-time control over the critical norm. 
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1. Introduction 

We consider the initial value problem for the nonlinear wave equation with de- 
focusing cubic nonlinearity in the energy supercritical regime, that is, dimensions 
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d> 5, 

(WP) / dttu- Au+\u\'^u =0, 

where u : I x R'^ ^ M with G / C M a time interval. 
The scaling symmetry 

x) 1—^ u\(t, x) := \u{\t, Ax). 

maps the set of solutions of IVP to itself and, moreover, the H^" x Hx''~^ norm is 
preserved by the scaling, where we identify the critical regularity as Sc = • 

We recall that solutions to (IVP) conserve the energy 

E{u{t),utit))^ [ l\ut{t,x)\^ + l\\/u{t,x)\'' + huit,x)\''dx = E{u{0)), 

which is both finite and left invariant by the scaling when = 1- In this case, we 
refer to (IVP) as the energy- critical nonlinear wave equation. The range Sc > 1, 
that is d > 5, is therefore known as the energy- supercritical regime for NLW. 

In a recent series of works [3l |4] treating dimensions d > 6 with general (possibly 
non-radial) initial data, and dimension d = 5 with radial initial data, we proved 
that any solution to (IVP) which satisfies an a priori uniform-in-time bound over 
the critical norm must exist globally in time and scatter. The goal of the current 
paper is to treat the remaining case of dimension d = 5 with non-radial initial data, 
completing the analysis of global well-posedness and scattering under the assumed 
a priori bound for (IVP) in the energy-supercritical regime. 

More precisely, we consider strong solutions to 
mw) / dttu-Au-^\u\^u =0, 

that is, functions u : / x — > M such that for every K C I compact, {u, ut) S 
Ct{K] Hx^^ X Hx^'^) and u e L^^{K x M'"') which satisfy the Duhamel formula, 

u{t) ^ S{t){ua,u^) + f ^:^I^^^*-pMl\u{t')\Mt')dt', (1.1) 



where S{t){uQ,ui) = cos(t|V|)uo + ^'"(^^1) ui is the solution to the linear wave 
equation with initial data (uq, ui). 



We refer to / as the interval of existence of u, and we say that / is the maximal 
interval of existence if u cannot be extended to any larger time interval. We say that 
It is a global solution if / = M, and that u is a blow-up solution if ||u|li6 (/xr^) = oo- 

Our main result in this paper is the following theorem: 

Theorem 1.1. Suppose that u : I x M. is a solution to (NLW) with maximal 

interval of existence / C M satisfying the a priori bound 

{u,ut)^LTmHl'^xHl'^). 

Then / = R and 

\\u\\ r.e ™ vBS-i < C 
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for some constant C — C'(\\{u,ut)\\^:^,rT3/2 ^1/2,). Furthermore, u scatters both 
forward and backward in time, i.e. there exist {u^,uf) G H^" x H^"^^ such that 

\\{u{t) - Sit)iu^,uf),ut{t)-dtSit)iu^,uf))\\^.^^^^,^-, ^ 



as t ±00. 



In the energy-critical case Sc 



1 with the defocusing nonlinearity ^^u, 



global well-posedness and scattering for the nonlinear wave equation was established 
in a number of works: see, for instance, E El [13 EH EH ESI [24, 26, 27, 28j. 
In particular, Struwe [27] established global well-posedness for radial inital data 
in dimension d = 3, and Grillakis removed this radial assumption. Grillakis 
then established global well-posedness and persistence of regularity in dimensions 
3 < 0? < 5 [9], while this result was obtained for all dimensions o? > 3 by Shatah 
and Struwe [SHESES] and Kapitanskh [TO] . 

In all of these works in the energy-critical case, the key properties used are an 
immediate uniform-in-time control of the critical norm x by virtue of the 
conservation of energy, along with the uniform space-time control given by the 
Morawetz estimate. 



Turning to the energy-supercritical regime Sc > 1, the global well-posedness and 
scattering of solutions for large initial data remains an important open problem in 
this setting. In particular, the lack of any known conserved quantity at the critical 
regularity renders the problem significantly more difficult than the energy-critical 
case. Nevertheless, a number of recent works have treated the energy-supercritical 
nonlinear Schrodinger and nonlinear wave equations under an assumption of a 
uniform-in-tinie control of the critical norm, that is. 



where / C M is the maximal interval of existence, in the spirit of the recent work 
of Escauriaza, Seregin and Sverak for Navier-Stokes . 

The first such result was obtained by Kenig and Merle in [14] using the concentra- 
tion compactness approach introduced in their study of the focusing energy-critical 
NLS and NLW [TH [13] • In [H] , global well posedness and scattering was obtained 
for solutions satisfying (11.31) with radial initial data in dimension d = 3 with the 
nonlinearity with p > 4, where the critical regularity becomes Sc — ^ — -', see 
also |15| . Killip and Visan removed the radial assumption in dimension d = 3 |19| 
and established the result for radial initial data in dimensions d > 3 for a particular 
range of p [20j . which in dimension d = 5 becomes | < p < 2, disjoint from the 
cubic case treated in [J. 

In [3], we initiated the study of global well-posedness and scattering under the 
assumed a priori bound in the case of the cubic nonlinearity in dimensions d > 6 
with no radial assumption on the initial data, and in [4] we extended this result 
to cover dimension d = 5 with radial initial data. The role of the present work is 




(1.2) 



(1.3) 
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therefore to complete the study of the defocusing cubic energy-supercritical NLW 
under the assumed uniform a priori control of the critical norm (|1.3p . 

1.1. Outline of the proof of Theorem ll.il Our proof of Theorem ll.ll makes use 
of the the concentration-compactness approach of Kenig and Merle, and proceeds 
as follows: 

Assuming that the theorem fails, the first step in the argument is to extract a 
minimal counterexample to the failure of global well-posedness and scattering; this 
counterexample will be referred to as a minimal blow-up solution. More precisely, 
we recall the following result: 

Theorem 1.2 (Construction of a minimal blow-up solution, [T31II1]). Suppose that 
Theorem \l.l\ failed. Then there exists a solution m : / x — >■ R io (NLW) with 
maximal interval of existence I , 

{u,Ut)eL^{r,H^^^^xHy^), and ||m|1l«^(/xr=) = 

.such that u is a minimal blow-up solution in the following sense: for any solution 
V with maximal interval of existence J such that 1 1^11^6 (jxR^) — oo, we have 

sup||(u(i),Wt(t))||^3/2^^i/2 < SUp||(u(t),Wt(t))||^3/2^^1/2. 

tei " " teJ 

Moreover, there exist N : I ^ and x : / — > such that the set 

K = + + ^)) : ^ ^ n, (1.4) 

has compact closure in H^" x H^''^^{SJ'). 



The proof of Theorem 11.21 is based on concentration compactness ideas in the 
form of a profile decomposition result for the linear wave equation, established in 
dimension d = 3 by Bahouri and Gerard in pT and treated in dimensions d > 3 
by the author in [2]. This profile decomposition states that, up to subsequences 
and the symmetries of the equation, any bounded sequence of initial data in the 
critical space x can be decomposed as a linear combination of pairwise 

orthogonal profiles and an error term which is small in a Strichartz norm. More 
precisely, we have 

Proposition 1.3 (Profile decomposition [HIl]). Let (uo_„, Mi^„)„gN be a bounded 
sequence m x H^^' 



Then there exists a subsequence o/ (uo.n, (.still denoted (wo,n, ^ii,™) a se- 

quence of profiles {V{i ,V-^)j^fq C Hx^^ 'xHx^^ , and a sequence of triples (e;^, x^, t:^) £ 
R+ X R"" X R, which are orthogonal in the sense that for every j ^ j' , 



■ > OO, 

n— >oo 



and for every £ > I, if 



^S{t){V^,V^) and V^{t,x) ^ -^V^ ^ * 

(en) 
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then 

e 

{uo,n{x),Ui^n{x)) = J^i'^n (0 , x) , dtV,l{0 , x)) + («;^_„ (x) , (x) ) 

with 

limsup||5'(0(wo,«,w'ln)llL?Lj 

for every {q,r) an Hx^^ -wave admissible pair with q,r {2,oo). For all £> 1, we 
also have, 

||W0,«|||3/2 + ||Wl,«|||l/2 

The next step in the argument consists of showing that such a minimal coun- 
terexample cannot occur. As we will see below, this failure of existence arises as a 
consequence of the compactness property (jl.4p . Before proceeding further, we now 
recall an equivalent formulation of (ll.4p from [191 HQ] which will be an important 
tool in our analysis of blow-up solutions. 

Definition 1.4 (almost periodic modulo symmetries). A solution u to (NLW) 
with time interval I is said to he almost periodic modulo symmetries if (u, Ut) € 
X H^"'^) and there exist functions N : I ^ M+, a; : / — and 
C : R+ ^ R+ such that for all t e I and rj > 0, 



J 

J\x 



||Vr=u(t,x)|2 + \\V\'^-\t{t,x)\^dx < ri 

l\x-x{t)\>C{ri)/N(t) 

and 

Jm>C{ri)N{t) 

Almost periodic solutions satisfy a reduced form of the Duhamel formula which 
states that the linear components of (jl.ip vanish as the time T approaches the 
endpoints of the maximal interval of existence /. 

Proposition 1.5 (Duhamel formula for almost periodic solutions, [SUl II^)- Let 

M : / X — > M fee a solution to (NLW) with maximal interval of existence I which 
is almost periodic modulo symmetries. Then for all t ^ L , 

'•^ ^^^((^^^|OI^I) f(^(^^))rft^,^'^cos((^ - t')M)F{u{t'))dt' 

- {u{t),ut{t)), 

T— >sup I 

and 



sin((t ; cos((i-0|V|)^^(w(t'))rfi' 



T 



^ {u{t),ut{t)), 



weakly in x hV^ . 
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We now recall a refinement of Theorem 11.21 which states that any failure of 
Theorem 11.11 not only implies the existence of a minimal blow-up solution, but also 
implies that there exists an almost periodic solution which belongs to one of three 
particular blow-up scenarios, for which the function N{t) is specified further. 

Theorem 1.6 (Identification of blow-up scenarios, [H]). Suppose that Theorem 
\1.1\ fails. Then there exists a solution u : / x — >■ R to (NLW) with maximal 
interval of existence I such that u is almost periodic modulo symmetries, 

and u satisfies one of the following: 

• (finite time blowup solution) either sup / < oo or inf / > — oo. 

• (soliton-like solution) J = R and N{t) — 1 for all i G R. 

• (low-to-high frequency cascade solution) / = R and 

mi N{t) > 1, and limsupiV(t) — oo. 

To complete the proof of Theorem ll.H it suffices to show that each of the sce- 
narios identified in Theorem 11.61 cannot occur. 

We begin with the finite time blow-up solution, which is ruled out in Proposition 
16.11 The argument is based on the use of the finite speed of propagation and almost 
periodicity to show that up to a translation in space, the solution at a given time t 
has compact support which shrinks to zero as t approaches the blow-up time. The 
conservation of energy is then used to contradict the property that the solution is a 
blow-up solution. This argument is essentially the same as in higher dimensions (see 
[3] and the references cited therein); for completeness, we include a brief account 
of the proof in Section 6. 

We now turn to the remaining two scenarios, the soliton-like and low-to-high 
frequency cascade solutions. As in higher dimensions, the main tool that we use 
to rule out these scenarios is to show that due to their particular properties, the 
minimal blow-up solutions in these classes have finite energy. We then exploit the 
control given by the conseration of energy and the Morawetz estimate (jl.2p to show 
that these solutions cannot exist. 

Before proceeding with the current case of dimension five, let us first recall 
the main steps used to obtain the finiteness of energy for these two scenarios in 
dimensions six and higher: 

• We first refine the bound u e L'^L'^ (which is immediate from the Sobolev 
embedding and the a priori bound u G L'^H^") to L'^LP for some p < d. 
In particular, we use a bootstrap argument to bound the low frequencies 
of u via almost periodicity and the analogue of Proposition II. 5[ while the 
high frequencies are bounded by the a priori bound. 

• We next use this L'^Lp bound to establish an implication of the form 

for some sq > 0. This is accomplished by using the double Duhamel 
technique introduced in [5] and used in the context of the concentration 
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compactness method in [ITj [18] . More precisely, we consider the homoge- 
neous Sobolev norm as an inner product and using the Duhamel formula 
provided by Proposition 11.51 forward and backward in time on each side 
of the inner product, respectively. We remark that the resulting integrals 
are convergent in dimensions c? > 6; this is the source of the dimensional 
restriction in our work ^ . 

• Once we obtain the second step above, we iterate this argument starting 
with the a priori bound {u,ut) G Lf'{H^'= x H^"'^) to obtain the desired 
decay L'^{Hlr^ x H^'^) for some e > 0. In particular, we obtain that the 
energy is finite. 

In the present work, in dimension d = 5, we overcome the restriction in higher 
dimensions by using a covering argument to introduce a spatial localization into 
the Duhamel integrals. This is inspired by a similar approach used in |19| to study 
the energy-supercritical NLW in dimension d = 3. However, substantial differences 
between the linear propagator, Strichartz and dispersive estimates in dimensions 
d = 3 and d = 5 require us to argue differently than in |19) . 

We now outline the main tools involved in the present work as follows: 

• A refined version of the improved L^L^ integrability obtained in dimen- 
sions d > 6. In particular, we establish the bound u E L^L^. for some 
range of p < 5; this shows that the a priori bound {u,Ut) € L^{Hx^^ x 

■ 1 /2 

Hx ) implies that the soliton-like and low-to-high frequency cascade solu- 
tions belong to L'^L^, and also enables us to exploit additional bounds of 
the form (w, ut) € Lf^{Hx x H^~^) to conclude the integrability u e LfL^. 
for an expanded range of p (see Proposition 13. ip . 

• A quantitative estimate on the decay of the L'^L^ norm away from the 
centering function x(t) (see Proposition 13. 4|) . Such a result was first ob- 
served in |19j with the corresponding norm L'^Lx^^'^ in dimension d — 3. 
We remark that in our setting, Proposition lS. 41 takes advantage of the im- 
provement in LP. integrability given by Proposition 13 . 1 1 to give better 
decay when additional Lf^{H^ x bounds are present. This improve- 
ment in decay is an essential aspect of our argument. 

• A subluminality property which expresses that for a suitable class of so- 
lutions, the centering function x{t) travels strictly slower than the prop- 
agation speed for (NLW). An analogous result was first obtained in [19\ 
in the dimension d — 3 setting. We note that the main estimate used to 
obtain the subluminality in |19j is the energy-flux inequality, while this es- 
timate no longer provides the decay required in the current d = 5 setting. 
To overcome this difficulty, we establish a frequency localized form of the 
energy-flux inequality which is accompanied by a frequency localized form 
of the concentration of potential energy (see Lemma l473l and Lemma . 

With these tools in hand, we establish an iterative improvement in decay prop- 
erties for the solution u. In particular, to make the Duhamel integrals convergent, 
we use a covering argument as in [19] to localize the resulting integrals in space, 
combined with a variant of a weak diffraction lemma from |19j adapted to the d = 5 
setting. 
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It is important to note that the apphcations of Proposition 13. 1 1 and Proposition 
I3.4l in the iterative improvement of the decay in analogy to (jl.Sp use only the a priori 
bound {u,ut) e Lf{Hl''^ x hI'"^) to obtain the decay {u,Ut) G x HlT^) 

for s > |, which is still above the energy level. We then use this improved decay to 
obtain the integrability LfL^. for a larger range of p than the one that is obtained 
via the a priori bound alone. This extra integrability in turn allows us to continue 
the iteration argument and we conclude that the energy is finite. 

We therefore again have access to the Morawetz estimate (|1.2p and the conserva- 
tion of energy. We then rule out the soliton-like and low-to-high frequency cascade 
scenarios, making use of almost periodicity, the finite speed of propagation, the 
Morawetz estimate (|1.2p and the conservation of energy. This is accomplished in 
Proposition 16.21 and Proposition 16. 3[ respectively. 

Outline of the paper. In Section 2, we establish our notation and recall some 
essential preliminaries concerning the wave equation, as well as some analytical tools 
which we will use in our arguments. In section 3, we establish improved integrability 
properties of the soliton-like and low-to-high frequency cascade solutions. Then, 
in Section 4 we establish a frequency-localized bound of energy-flux type and a 
frequency-localized form of the concentration of potential energy, which are then 
used to prove the subluminality result. Finally, in Section 5 we prove that the global 
scenarios have finite energy, and in Section 6 we preclude each of the scenarios. 

Acknowledgements. The author would like to thank M. Visan for suggesting the 
study of this problem and for valuable discussions, as well as W. Beckner and N. 
Pavlovic for useful conversations. This material is based upon work supported by 
the National Science Foundation under agreement Nos. DMS-0635607 and DMS- 
0808042. Any opinions, finding and conclusions or recommendations expressed in 
this material are those of the author and do not necessarily reflect the views of the 
National Science Foundation. 



2. Preliminaries 

2.1. Notation. We will write L(L^(/ x M^) to indicate the Banach space of func- 
tions u : / X R with the space-time norm 

\ 1/9 

ll"Wlll,j(M5)C?0 <0O 

with the standard convention when q or r is equal to infinity. If g = r, we shorten 
the notation and write L'^ in place of LfL^. 

We write X <Y to mean that there exists a constant C > such that X < CY, 
while X <u y indicates that the constant C = Cu may depend on u. We use the 
symbol V for the derivative operator in only the space variables. 

Throughout the exposition, we define the Fourier transform on by 
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We also denote the homogeneous Sobolev spaces by ij|(R^), s € M, equipped with 
the norm 

where the fractional differentiation operator is given by 

M^fio = icr7(e)- 

We now recall the explicit formulation of the free propagator for the wave equa- 
tion as 

5(t)(/,.g)=cos(i|V|)/ + 5^^^g, 
which is given in Fourier space by 



S{t)if,g) = cos(<|^|)/(0 + ^^^^5(0- 



In dimension five, we have the additional representations 

cos(t|V|)/ = -^dt It'^dt (t-' I f{y)dS{y) 

and 

g{y)dS{y) 



sin(t|V|) ^ 3 

|V| ^ t\s^r 



(2.1) 



(2.2) 



l\y^x\ = \t\ 

where B{x,r) — {x € M.^ : \x\ < r} and \S'^\ denotes the surface area of the unit 
sphere 5B(0,1) c 



p5 



We also recall the following expression of finite speed of propagation for almost 
periodic solutions, which we will frequently use in our arguments: 

Lemma 2.1 (Speed of propagation for x{t), [191 [3]). Suppose that u : M x — > M 
is an almost periodic solution to (NLW) with N(t) > 1 for all i G M. Then there 
exists C > such that for all t, r € M, 

\x{t) - x{t)\ < |i - r| + C{N{t)-^ + iV(T)-i). (2.3) 

For a proof of this lemma, we refer the reader to (4.2) in [TO] and, for a related 
argument in the case of the soliton-like solution Lemma 8.2]. Although the 
result in |19) is stated for dimension d = 3, the proof applies equally to the current 
setting. 

2.2. Strichartz estimates for NLW. For s > 0, we say that a pair of exponents 
{q, r) is H^-wave admissible if g, r > 2, r < oo and it satisfies 

12 15 5 

- + -<1, - + 

q r q r 2 

We also define the following Strichartz norms. For each / C M and s > 0, we set 

I|w||s4/) = sup I|w||l^ls(/xK5). 

{q,r) H^— wave admissible 

MnM)^ , , . . II"IIl?'l.'(/xR5)- 

(Q,r) — wave admissible t a; v 



10 



AYNUR BULUT 



Suppose u : I X M.^ M. with time interval £ / C M is a solution to the 
nonlinear wave equation 

utt- Au + F =0 
Then for all s, s e R we have the inhomogeneous Strichartz estimates [7} 111]. 

iiivrub^_^(,) + iiivr-i«js,_.(/) 

< (2-4) 

We also recall the standard dispersive estimate for the linear propagator (see, 
for instance [26j). 

Lemma 2.2 (Dispersive estimate). For any 2 < p < oo and t ^ 0, we have 
e^t\v\ 



-f 



for all f £ S 
In particular; 



for all f € S 



where - + \ — 1. 
p p 



sin(t|V|) 



IVI 



< \t\-'^'- 



^/ll 



(2.5) 



2.3. Basic Littlewood-Paley theory. Let 0(<^) be a real valued radially sym- 
metric bump function supported in the ball € : |^| < j^} which equals 1 on 
the bah G R'^ : |^| < 1}. For any dyadic number N = 2'=, A: e Z, we define the 
following Littlewood-Paley operators: 

p^f{o^a^Hm)fio, 



Similarly, we define P<:n and P>n with 

P<N = P<N — Pn, P>n = P>N + Pn, 

and also 

Pm<-<n '■— P<N — P<M = ^ Pni 

M<Ni<N 

whenever M < N. 

These operators commute with one another and with derivative operators. More- 
over, they are bounded on for 1 < p < oo and obey the following Bernstein 
inequalities, 

\\\WP<Nf\\L'i<N'\\P<Nf\\L'^, 

\\P>Nf\\L- < N-'\\P>n\V\' fhz, 
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with s > and 1 < p < cxi. 

In addition to the above Littlewood-Paley muhipher operators, we wiU also need 
the function 6* : — > [0, oo) defined by 

^(-)=n(^)^ «>i (2.6) 

as well as the corresponding Fourier multiplier operator, given by 

We observe that for all a; € R^ < 0{x) < 1, and that 9 e L^. 

As mentioned in the introduction, the improvement of decay properties for u in 
Section [5] is based on a localization procedure. Due to the nonlocal nature of the 
Littlewood-Paley and fractional derivative operators, as in |19| we will make use 
of the following lemma, which allows us to estimate the contributions far from the 
support of the localization. 

Lemma 2.3 (Mismatch estimates, [H]). Let (pi and 4>2 he smooth functions on 
such that max{|(/)i(x)|, |(/)2(x)|} < 1 for all a; G and such that there exists A>1 
with 

dist (supp 01, supp (1)2) > A. 
Then for all a > and I < p < q < oo we have 

\\<Pi\Wp<M)\\lur') < A-^-l+IU2f\\Lm-)- 

3. Improved integrability properties 

In this section, we establish improved L'^L'p integrability properties for a suit- 
able class of almost periodic solutions to (NLW), which is the first step towards 
proving that the global solutions in the soliton-like and low-to-high frequency cas- 
cade scenarios have finite energy. 

In particular, in Proposition l3 . II we prove that these solutions belong to the space 
L^LP for some range of p < 5, having recalled that they belong to Lf^L^ due to 

the a priori bound {u,Ut) € Lf{Hx^^ x Hx^^) combined with the Sobolev embed- 
ding. On the other hand, in Proposition 13.41 we establish an improved integrability 
property in a different direction, by obtaining a decay estimate on the Lf^L^ norm. 

3.1. Improved L^LP integrability. We begin with Proposition 13. 1[ which pro- 
vides u e Lf'LP. integrability for some range of p < 5. As mentioned in the 
introduction, an important aspect of our statement is the refinement of this esti- 
mate to provide improved L^L^. decay when additional knowledge of the decay 
properties of u in the form (m, ut) G L'^{H^ x H^~^), 1 < s < |, is present. 

Proposition 3.1. Suppose that u : M x — > M is an almost periodic solution to 
(NLW) satisfying 

for some s G (1, |]. Assume also that init^M N{t) > 1. 
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Then u G L^Ll for every p e (^^^^,5]. 

Before proceeding with the proof, we note that Proposition 13.11 in particular 
imphes that for any global almost periodic solution u to (NLW) satisfying the a 
priori bound 

(u,Mt) e Lt°°(R; X H^/'^) with inf N{t) > 1, 

we have 

u&LTLl (3.1) 



Proof of Proposition \3.1\ Our argument follows the broad outline established in 
the proof of Proposition 5.1 in [TH]; see also Lemma 7.2 in [3j. Fix r/ > to be 
determined later in the argument, and let w be a solution to (NLW) as stated in 
Proposition 13. II Since u is an almost periodic solution with N{t) > 1 for all t € R, 
we may find a dyadic number A'o G (0, 1) such that 

\\\S7\^/^U<N,\\LrLi<V- 



As in |19j , our proof of Proposition 13.11 will be based on a recurrence argument 
followed by an application of a discrete Gronwall inequality. Towards this end, we 
fix r > 5 and define the quantity 

S{N) ^ N^'-^^/^'\\un\\l^l^^ 

We begin by noting that by Bernstein's inequalities followed by Sobolev's em- 
bedding and the a priori bound u G L'^Hx^^ , we have 



for N >0. 

The following lemma then gives the necessary recurrence formula for the quantity 
SiN). 

Lemma 3.2. For all dyadic numbers N < 8No, we have 



E (^) S{N,). (3.2) 



In particular, for every e > we have 

SiN) <u,e Ni-' (3.3) 

for all N <mo. 
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Proof. Fix TV < SA^o- We first note that by the time translation symmetry, it 
sufSces to prove the claim when t = 0. Using the reduced form of the Duhamel 
formula given in Proposition 11.51 combined with Minkowski's inequality, we obtain 



(I) + (11) 



sin(-^'|V| 
" sin(-i'|V 



PNF{u{t'))dt' 
PNF{u{t'))dt 



(3.4) 



To estimate (/), we use the Bernstein inequality combined with the dispersive 
estimate (j2.5p to get 



Similarly, 



(I) 



< 



< 



N- 



N- 



sin(-t'|V| 



■PNF{u{t')) 



dt' 



LI 



7v3/2|||v|-ip^i^(^(<'))|U2di' 



<N\\PNF{u{t'))\\^.j,. 



{II) 



< 



sin(-i'|V|) 



PNF{u{t')) 



dt' 



<N\\PNF{um\^^^.f.. 



(3.5) 



(3.6) 



Collecting p.5p and (|3.6p . we have 



Ni-^UNm\L^^ <u iV||P^F(u(t))||_,5/4 



We next estimate the right hand side of this inequality. Decomposing u as 

U = U<Ar/8 + Uw/8<-<Afo + '">Wo =: Ml + "2 + ""3, 

we write 

\\PnF{u)\\^^^^. < \\Pn{uI)\\^^^.,. + \\Pn{uI)\\^^^,j. 

3 2 
+ X! l|-Pw(M3M»Mj)Hr,oor5/4 + y^}\PN{u2UlUi)\\ f ocf 5/- 

3 2 

(/) + (//)+ ^(///).^,+^(/n- 



To establish p. 21 it now remains to estimate each of the terms (/), (//), 
and {IV) i individually. 
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We first remark that (/) = 0, since the support of the Fourier transform of 
u<N/8{t)^ gives that Piv[u<jv/8(i)^] = 0. 

To estimate the term (//), we use Holder's inequality along with the Sobolev 
embedding and Bernstein's inequality to obtain 

(11) <N llwjViUjVsUjValU^Li 

2N/8<Ni<N2<N3<No 

<N V \\unA\l^l-\\un2\\ ^WunA ^ 

2N/8<Ni<N2<N3<No * " * " 

2N/8<Ni<N2<N3<No * 
2N/8<Ni<No 

<uV'N-^ Y (^)'<5(^i)- (3-7) 

2N/8<Ni<No ^ 

Turning to the terms i,j = 1,2,3, we note that for each such i and j, 

H51der's inequality followed by the Bernstein and Sobolev inequalities gives 

< N^^^\\u>Na\\L^Ll\\ui\\L1°Ll\\Uj\\L<^Ll 

<„ N'/'N-'/'\\u\\l^^,,2 

<u TVi/^iVo"'/' (3.8) 



We now estimate the terms {IV)i, i = 1,2, for which we examine each case 
separately. For the term (/V^)i, we write 

Ni<N2<^ 

<uN-^l\ Y N{\\uNA\LrLA\^UN2\\L^Ll 

r^i<N2<f 
Ari<JV2<f 

E (3.9) 



On the other hand, to estimate {IV)2, we write 

iiv)2 < <.<jvo"<f llirix^' 
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(3.10) 



Putting the estimates p.7l) - p.l0p together, and observing that Nq < 1, we obtain 
(13. 2p as desired. 

To obtain p.3p . we first recall the following discrete version of the Gronwall 
inequality from [191: 

Lemma 3.3. Let 7, 7', C, 77 > and p e (0, 7) be given such that 

ry < i min{l - 2""^, 1 - 2''^' , 1 - 2P~^}. 
Then for every bounded sequence {xk} C K+ satisfying 

k— 1 00 

Xk < C2-^'' + r,^ 2-^(^-')xz + 2-^'l^-'lxz, 

1=0 l=k 

we have Xk < (4C + ||a;||£oc)2"''''. 



Fixing < e < I and using this lemma with 7=|, 7'=:^,p<7 and 77 > 
sufficiently small, we obtain 

as desired (for a detailed description of a similar type of estimate see [19] and 
Appendix A of [3 ). This completes the proof of Lemma [321 O 



Having obtained the recurrence formula in Lemma 13. 2i we are now ready to 
complete the proof of Proposition 13.11 We begin by recalling that the bound u £ 
Lf^L^ follows from the a priori bound {u,ut) € Lf{Hl''^ x hI'"^) by the Sobolev 
embedding. 

Let s G (1, |] and p £ (i^^^, be given. Then, using the Littlewood- 

Paley decomposition, Bernstein inequalities, and interpolation, we obtain 

N<SNo N>8No 
N<SNo N>8No 

s E (^"iiivr^AriiLrL^)^ii^i^ii|tf + Y ^'^^ 

N<SNo N>8No 

^ ^ 2s(r-p) , r(p-2) 

<ul+ Y A^"^^<^^(A^ "5(A^))5^<^ 

N<8No 

r-^ 2s(r-p) 5 /3 y r(p-2) 

<„1+ E "^^'-^HN n"^''-^^ ■ (3-11) 

Af<8Afo 
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fnr r- ^ and P ^ n rVinnsmff r - 20s+4p^-35p+70 _ (10+4^-5p)(4sp+15p-30-20s) 

toi r > t) ana e > U. (^noosmg r - 2(io+4s-5p) ' - 4(p~2)(20s+4ps-35p+70) ' 
we obtain 



Af<8iVo 



(10 + 4s-5p)(4ap + 15p- 30-203) 

4p(4s-15p+30+4ap) gO 



> 0. 



where we observed that p e (^f^, gives '"-^tplS:3"^^^^^^^^ 

For the remaining values of p, the claim now follows by interpolating this bound 
with the bound u e L'^L^, which completes the proof of Proposition 13. II □ 



3.2. Quantitative Lf^L^. decay. We now establish a decay estimate for the L'^L^ 
norm of global almost periodic solutions u to (NLW) with inf N{t) > 1. 

More precisely, we obtain the following proposition: 

Proposition 3.4. Suppose u : RxM.^ ^ R is an almost periodic solution to (NLW) 
with inftgRiV(t) > 1, 

{u, ut) G L'^iHl'^ X Hl'^) and u E L'^L^ 

for some w € (2, 3]. Then for every e > there exists C„ > such that for every 
R>1, 

\u{t,x)\^dx < CuR~^^. 



sup 

teR J\x-x(t)\>R 



Our proof of Proposition 13.41 is based on rewriting the solution u{t, x) using the 
Duhamel formula given by Proposition [T31 Accordingly, we will need the following 
estimate for the long-time portion of the Duhamel formula. 



Lemma 3.5. Suppose that u 



is an almost periodic solution to (NLW) 



with (u,Mt) G L'^{hI''^ X i^y^) and mUmN{t) > 1. Fix A < p < 12. Then there 
exists C„ > such that for every < S < T we have 

'■^ sin(-i|V 



-F{u{t))dt 



Proof. Let < S' < T be given. By an application of Minkowski's inequality 
followed by the dispersive estimate (|2.5p . we write 



^ sin(-i|V|) 



F{u{t))dt 



< 



sin(-i|V|) 



F{u{t)) 



dt 



< r t-^^'-i^iwvi'-iFiz 

Js 



'L?°L 



p/(p-i) dt 



< 



{t)p-^dt 



where we have used interpolation to obtain 
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< \\u\\r"a.r:,\\u\\/lr,\\U 



4p-3 

<u 1, 



where we have noted that u E L'^L^ as a consequence of Proposition 13. II □ 

With this lemma in hand, we now are now ready to prove the quantitative decay 
result on the L'^L^ norm, Proposition [ 



Proof of Proposition \3.4\ We argue as in the proof of Proposition 6.1 in [TH], and 
begin by noting that by the space and time translation symmetries, we may assume 
without loss of generality that t = and a;(0) = 0. Let e > be given, fix (5 > to 
be determined, and define 

Note that by using the no- waste Duhamel formula, followed by Holder's inequal- 
ity. Young's inequality and Lemma [3.51 with p = 12, we obtain the bound 

u{0,x)fdx 

\x\>R 

\fix) + gix)\^^^\uiO,x)\T^dx 

x\>R 



< 



\f{x)\^^^\uiO,x)\T^ + \g{x)\'-^^\uiO,x)\Ti^dx 

x\>R 



5(12-m) r 5(12-m) , - 

+ £ 12(5-™) / \g{x)fdx + e / \u{Q,x)['dx 



\x\>R ■'\x\>R 



8(5-m) 



5{12-m) I 5(12-m) / - 

+ e 12(5-™) / \g{x)f'dx + e I \u{{),x)['dx 

J\x\>R ■>M>R 

for e > 0. Choosing e > sufficiently small (depending on the implicit constant), 
this yields 

|«(0,x)|5dx<„(,5i?)-'S^-H||5lli5(|,|>fl,). (3.12) 

\x\>R 



On the other hand, from the finite speed of propagation for the linear wave 
equation followed by the Sobolev embedding, we obtain 
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< 



SR 



sin(t'|V|) 



[F{u{t')xn{x))]dt' 



(3.13) 



for any ft C K'"^ with {x : \x\ > R — 6R} C ^l, where xn is a smooth approximation 
to the characteristic function of il. 

We now recall that since a;(0) =0, the bound 
such that 



gives the existence of C > 



\x{t)\<\t\+C <SR + C (3.14) 
for t € [0, SR]. We may therefore take ^ {x : \x - x{t)\ >R- 2SR - C}. 

Substituting p.l4p into (|3.13l) and applying the inhomogeneous Strichartz esti- 
mate (backwards in time, applied to the solution of (NLW) with Cauchy data (0, 0) 
at to = SR), we obtain 

^ l|w(Oxo(a;)||L-([o,5fl,];L5)||M(t)xn(a;)||L2Lio|||V|^/'^M(t)xn(a;)|lic.i2o/9 
< B{R/2y/'\\u{t)xn{x)\\L-^LloMt)xn{x)\\^^^3j2, (3.15) 
provided that R is sufficiently large and S sufficiently small, where 



B{R) sup / 
teR Jix 



\x-x(t)\>R 



\u{t,x)fdx. 



Fix r/ > to be determined. Using the finite speed of propagation, we may now 
choose i?o = ^o('7: u) > such that if C {x : \x\ > R^}, then 

ll^iWX0||L?Ll« + II '"(t)Xfl 11^00^3/2 < ?7, 

which in conjunction with p.lSp gives 

\\9\\mxl>R)<rfB{R/2y/' (3.16) 

for R > Rq. 

Combining p.l2p with p.l6p . we obtain 

/ \u{0,x)\^^dx <u (SRr^^ +V^°B{R/2). 

Applying the space and time translation symmetries, 

B{R) < CiiSR)-'^ +rj''C'MR/2) 
for each 77 > and every R > Ro{ri, u). 

On the other hand, by the a priori bound {u,ut) G L'^{Hx^^ x Hx^^) we have 
B{R) < 1 for all R < Ro{r], u). Invoking an induction argument and choosing 77 > 
sufficiently small (to prevent the constants from blowing up in the induction), we 
obtain 

, , 8(5-™) 

B{R) < C„i?"-ra^ 

for all R as desired. □ 
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4. Bounds of energy-flux type and subluminality 

In this section, our main goal is to establish an improvement upon the classical 
finite speed of propagation for (NLW) known as subluminality, which states that for 
the soliton-like and low-to-high frequency cascade solutions, the centering function 
x{t) in the definition of almost periodicity travels strictly slower than the propaga- 
tion speed of the equation; this is the content of Theorem 14.61 The main tools we 
will use to establish this property are a frequency localized form of the energy-fiux 
bound, which will be established in Lemma 14.31 and a frequency localized version 
of the concentration of potential energy, Lemma 14.41 

We begin by recalling a form of the standard energy flux bound in the setting 
(see, for instance jT^, |29j). 

Lemma 4.1 (Energy-flux inequality). For every solution u to (NLW) with (u, Ut) G 
L^(I; Hx^^ X Hx^^), there exists C„ > such that we have 



for every Iq <Z I and j/ G K.^ . 

The subluminality property obtained in [H] makes essential use of the fact that 
the right hand side of the energy- flux inequality grows sublinearly in \t\ in dimension 
d = 3, which is no longer the case in our setting. To overcome this, we localize the 
estimate in frequency. 

In the frequency localized setting, the analogue of the energy flux bound must 
take into account the fact that u>n satisfles 



in place of (NLW). In view of this, the first bound we obtain below includes an 
additional term over the classical case. This additional term is then removed from 
the localized energy flux inequality in Lemma 14.31 below by using the time reversal 
symmetry of (NLW). In particular, our first bound is contained in the following 
lemma: 

Lemma 4.2. Suppose that u : I y. M.^ ^ M. is a solution to (NLW) with {u,ut) E 
L1°{I; Hx^^ X Hx^^). Then there exists C„ > such that for every dyadic N > 0, 



for every Iq G I and for y G M'^ . 

Proof. In the following argument, we assume that u is smooth with compact support 
(so that integration by parts is justified); we note that this assumption can be 




(4.1) 



dttU>N - Au>Ar + P>n[u^] = 0, 



(4.2) 



one has 
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removed by standard approximation arguments. Fix TV > and define 
f 1 1 

/ -\dtu>N{t,x)\^ + -\\7u>N{t,x)\^ + P>N[u{t,xf]u>N{t,x)dx. 

J\x~y\<\t\ ^ ^ 

Differentiating in time followed by integration by parts gives 



dE 



it) = 



\x-y\=t 



^\dtu>N{t,x)\^ + ^\\7u>N{t,x)\^ + P>N[uit,xf]u>N{t,x) 



+ Vu>N{t, x)dtu>N{t, x) 



x~y 



\x ~ y\ 



dS{x) 

dtU>N{t,x)dttU>Nit,x) + [-Au>Nit,x)]dtu>Nit,x) 

dx 



l\x-y\<\t 

+ [dtP>N[u{t, x)^]] U>N{t, x) + P>N[u{t, x)^]dtU>N{t, x) 



In view of (14. 2L we obtain 



d£ , , 
-dt^'^- 



x-y\ = \t\ 



^\dtU>N{t,x)\^ + ^\S/u>N{t,x)\^ + P>N[u{t,xf]u>N{t,x) 



+ Vu>N{t, x)dtU>N{t, x) 



/ dtP>N[u{t,x 

J\x-v\<\t\ 



\x - y\ 



dS{x) 



)^]u>N{t, x)dx 



> 



\x-y\ = \t\ 
+ 



-y\<\t\ 

P>N[u{t, x)'^]u>N{t, x)dS{x) 



dtP>N[u{t, x)^]u>N{t,x)dx, 



x-y\<\t\ 

Integrating the above estimate in time on /q CC / and invoking the Fundamental 
Theorem of Calculus, we then obtain 

P>N[u{t, x)^]u>N{t, x)dS{x)dt 

lo 'l\x-y\=\t\ 

dtP>N[u{t, x)^]u>N{t, x)dxdt < sup |f 
lo ''[^~v\<\t\ ^ ^ tei 

where to bound the right hand side, we use the Bernstein inequalities, followed by 
Holder and the Sobolev embedding to obtain 

£it) < N-'\\{u,dtu)\\l^ ,,,^^,,,^+ N-'\\P>N[u{t,xf]l^.^^^^^ 



for every t I, which gives the desired estimate, completing the proof of Lemma 

□ 



As mentioned above, we may now use the time-reversal symmetry to remove the 
additional term from the estimate in Lemma 14.21 More precisely, we obtain the 
following 
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Lemma 4.3 (Frequency localized energy-flux bound). Suppose that m : / x — > M 
is a solution to (NLW) with (u, Ut ) e Lf{I; 0'^ X hI'"^). Then there exists > 
such that for every dyadic N > and every x eM.^ , we have 

P>N[uit,yf]u>N{t,y)dSix)dt < CuN'^ 

I J \x — y\—t 



Proof. Fix iV > and x e . Recall that Lemma 14.21 gives 
P>N[u{t, x)^]u>N{t, x)dS{x)dt 



la J\x-y\ = \t\ 

+ P>N[Su{t,xfutit,x)]u>Nit,x)dxdt<CuN~^ (4.3) 

J la J\x-y\<\t\ 

for fixed Iq CC /. 

On the other hand, applying Lemma 14.21 to u{t,x) = u{—t,x), we obtain 
P>N[u{t, x)'^]u>N{t, x)dS{x)dt 



I'o ''W-y\=\i\ 

P>N[3u{t, x)'^ut{t, x)]u>N{t, x)dxdt < C„iV^^. 



lo •J\^-v\<\t\ 

for any Iq C — / = {— < e M : < e /}. In particular, taking Iq = —Iq and observing 
that uti^t,x) = —u{t,x), we obtain 

P>N[u{t, x)^]u>N{t, x)dS{x)dt 

lo J \x-y\ = \t\ 

P>N[iu[t,xfut[t,x)\u>N{t,x)dxdt < CuN-\ (4.4) 

-fo \x~y\<\M 

Combining (|4.3p and (|4.4p and taking /q — > / gives the desired estimate. □ 

In order to invoke the frequency localized energy flux bound. Lemma |4.3[ in the 
argument for subhiminality, we must adapt the bound on concentration of potential 
energy to account for the frequency localization. 

Towards this end, in the remainder of this section, we let u : R x ^ R be an 
almost periodic solution to (NLW) satisfying {u,ut) £ L'^{R; Hx^^ x Hx^"^) such 
that inf 7V(t) > 1. 

Recall that (see, e.g. [TH], [3]) there exists C„ > such that for every k > 1, 

\u{t,x)\'^dxdt>Cu I N{t)-^dt. (4.5) 

lo •l\x~x(t)\<C/N{t) Jiq 

As we noted earlier, we will need a frequency localized form of this bound. More 
precisely. 

Lemma 4.4 (Frequency localized potential energy concentration). Letu : MxR'"' ^• 
M he an almost periodic solution to (NLW) satisfying {u,Ut) G L^{^]HV^ x Hx^^) 
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such that inf N{t) > 1. Then there exists Nq > and Cu > such that for all 
N < No andk> 1, 



\U>8N {t,x)\'^dxdt >Cu Nity'^dt 



lo •'\x-x(t)\<C/N(t) 



(4.6) 



lo 



Before proceeding with the proof, we recall a consequence of almost periodicity 
which will aid in estimating the error terms resulting from the frequency localization 
of the potential energy. 

More precisely, let u be a solution given as in Lemma l4.4l Then, by the definition 
of almost periodicity along with the property i'a-it£[o,oo) ^it) ^ 1; we have 



lim 



\P<NUt\\^^^i/2 



0. 



(4.7) 



Proof of Lemma \4^ Fix > 0. Applying ()4.5p to u > 8N, we obtain 

1/4 

u>8N{t, x)\'^dxdt 



lo J\x-x(t)\<C/N(t) 
> 

lo J\x~x{t)\<C/N{t) 

>u Cu I N{t)-Ut 

Jlo 



-I 1/4 



|u(i, x)\'^dxdt 



la J\x-x{t)\<C/N{t) 



lo J\x-x{t)\<C/N{t) 

|w<8Af (i, x)\'^dxdt 



\u<sN{t, x)\'^dxdt 



1/4 



(4.8) 



It therefore suffices to estimate the space-time norm appearing in ()4.8|) . For this, 
we fix 77 G (0, 1) to be determined later in the argument, and use Holder's inequality 
followed by the decomposition u = M<Ar/8 + uy^N to obtain 

C 



lo J\x-x{t)\<C/N{t) 



|u<8Ar(t, a;)|*da;di < / -^;^\\u<^m{t,x)\\\5dt 



lo 



N{ty 



<u V / N{t)-^dt, 

Jlo 

where we have used (j4.7l) to obtain the second inequality. 
Substituting into wc then have, 



\u>sN{t,x)\^dxdt > {Cu - vC'u) / N{t)-^dt. 

lo J\x-x{t)\<C/N{t) Jlo 

Choosing 77 small enough so that r/C,'j < Cu/2 yields the bound 



(4.9) 



□ 



Having obtained the frequency localized energy flux bound and potential energy 
concentration, we now turn to the proof of Theorem l4.6l For this purpose, we recall 
the following lemma from [TH], which states that the function x{t) can be chosen to 
have a certain centering property and establishes a first relationship between the 
speed of x{t) and the frequency scale function N{t). 
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Lemma 4.5. ^19j Suppose that m : M x — > M is ott. almost periodic solution to 
(NLW) satisfying {u,ut) G Lf{M.;0'^ x ij^^) such that iniN{t) > 1. 

Then there exists a constant > such that x{t) can be chosen to satisfy 
inf / \\^\^^^u{t,x)\^ + \\\/\^/^Ut{t,x)\^dx>^. 

^^S^ J^-(x~x(t))>Q '-'u 

Moreover, there exists c — Cu ^ (0,1) such that for all ti,T2 G M satisfying 
N{ti) < N{t2), we have 

\x{ti)-x{t2)\>\ti~T2\~cN{t{)-^ ^ N{ti)>c^N{t2). 

The arguments used to obtain the claims in Lemma 14.51 follow from the small 
data theory and the finite speed of propagation; in particular the discussion of 
Proposition 4.1 and Lemma 4.4 in [12] applies equally well to the current setting. 

We are now ready to prove the main result of this section, 

Theorem 4.6 (Subluminality). Suppose that u : R x — > M is an almost periodic 

solution to (NLW) satisfying {u,ut) G L'^[Hx^^ y^LlV^) and such that inf ti^m N (t) > 
1. Then there exists S > such that for every i,r G R with \t — t\ > S~^, we have 

\x{t)-x{r)\<{l~d)\t-T\. 

Proof. As in [19], we note that it suffices to show the following claim: there exists 
A > 1 such that for every to G R there exists t G [to, + AN(to)^^] such that 

\xit) - xito)\ <\t- to\ - A-'Nito)-\ (4.10) 

Suppose to the contrary that (|4.10p failed. Then for every A > there exists 
to = to (A) G M such that 

\x{t) ~ x{to)\ >\t- to\ - A-'N{to)-^ (4.11) 

on [to,to + AN{to)-^]. 

Let c be as in Lemma [4.5[ fix A > c^^, and choose to as in (|4.1ip . As a first 
step, we show 

c^N{tn) < N{t) <c-^N{to) for t G [to, to + AiV(to)-^ (4.12) 

To obtain dHH]), suppose first that t G [to, to +yl7V(to)"^] satisfies N{t) < iV(to). 
By (|ilTt . we then have the inequality |a;(t) - x(to)| > |t - to| - ciV(to)"^ > 
|t - to| - cN{ty^, so that Lemma 113] (ii) implies c^iV(to) < N{t). Moreover, the 
bound N(t) < c^^A^(to) follows trivially from c < 1, verifying (I4.12p in this case. 
On the other hand, when N(t) > N{to), the bound c^iV(to) < N{t) is immediate, 
and observing that (|4.1ip implies |x(t) — x(to)| > |t — to| — cA^(to)~^, we invoke 
Lemma 133] (ii) again to obtain N{t) < c~^N{to) as desired. Thus, (|4.12p holds. 



Having obtained (|4.12l) . we now continue towards obtaining the desired contra- 
diction to prove the theorem. Note that by space and time translation symmetries 
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it suffices to assume to = and a; (to) ~ 0. We wiii obtain tlie desired contradiction 
by obtaining incompatibie iower and upper bounds on 

\u>^N(t,x)\^dxdt. (4.13) 



//3Af(0)-i J\\x\-t\<^N{Q)-^ 

for a suitable value of /3 > to be chosen later in the argument. 

We first obtain the lower bound on (I4.13p . Toward this end, we first obtain the 
set inclusion 

{x:\x- x(t)\ < C/N{t)} C {x : - t| < l3N{0)'^}. (4.14) 

To show (|4.14l) . we note that for to = and a;(to) = 0, (|4.11[) becomes 
|a;(t)| > |t| - A~iiV(0)"^ > |t| -cA^(O)"^ for < t < AiV(0)~^ 
On the other hand, (|23| and (|4TT2|) imply 

\x{t)\ < |t| + C{N{t)-^ + N{0)-^) < |t| + CN{0)-\ 
and we therefore conclude that for all t G [0, AN{0)^^], 

\\x{t)\-t\<uN{0)-\ (4.15) 
We now use (|4.15p to observe that the inequality \x — x(i)\ < C/N{t) gives 
||a;| -t| = ||a;| - |x(t)|| + ||a;(t)| -t| 
<\x- x{t)\ + \\x{t)\ - t| 
<„ 7V(t)-i+iV(0)-i 
<„ (c-2 + l)iV(0)-i, 

where the implied constant is independent of A. We may therefore conclude (I4.14p 
when j3 is chosen sufhciently large (independent of A). Then, invoking Lemma |4.4[ 
we obtain 

pTS]) > / / \u>m{t,x)\'^dxdt 

Jl3N{a)-^ J\x-x(t)\<C/N(t) 

>u N{t)-'dt>uc'{A~l3)N{0)-^. (4.16) 

which establishes the desired lower bound on (I4.13p . 

We now establish the upper bound on (|4.13p . Using Lemma 1431 followed by the 
change of variables z — x ~ y in the x variable, Fubini's theorem, and the change 
of variables y' = z + y in the y variable to obtain 

[2l3N{0)-'^fN-^ 

>u / / P>N[u{t,x)^]u>N{t,x)dS{x)dtdy 

J\y\<2l3N{0)-'^ Jl3N(0)-^ J\x-y\=t 

>u / / P>N[u{t,y'f]u>N{t,y')dy'dS{z)dt 

J/3N{0)-^ J\z\=t J\y'-z\<2l3N(0}-'^ 
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>u / / \u>sN{t,y')\Uy'dS{z)dt 

JpNiO)-^ J\z\=t J\y'-z\<2PN{0)-^ 

0, (4.17) 

u>8Nit, y'fuN<-<8N(t, y')dy'dS{z)dt 

-z|<20Af(O)-i 

P>N[u>s.NU<s.Nu]u>N{t, y')dy'dS{z)dt 







where we 


have set 


(I) 




(//) :^ 




and 




(///) 





F>Ar[M<gjv]u>Ar(i, y')dy' dS{z)dt 

-z|<2/3Ar(0)-i 

We remark that to obtain the last inequahty in (|4.17p . we have used the identity 

P>m[u^]u>n = P>n[u>sn + 3u>8ArW<8ArU + W<8Ar] ("Af<-<8Af + U>sn)- 

We now estimate the terms in (|4.17p individuahy. We begin with the 

first such term and use the estimate 



X{z:\y'~z\<2pN(0)-^}{z)dS{z) < [^A^(O)' 
\z\=t 



-114 



for t e [/3iV(0)"\ < AN{0)-'^], followed by Holder's inequality, to obtain 
{!)< / \u>8Nit,y')\''\uN<.<8Nit,y')\ 

X{z:\y'-z\<20N{a)-^}{z)dS{z) dy' dt 

\z\=t J 



< [/3iV(0)-l]4[(A - P)N{0)-']\\u>8N\\l^^i.M\uN<.<8N\\LrLl 



r^[l3N{0)-'f[{A-mi0r% (4.18) 



for N sufficiently small depending on 77, where we have used (|4.7I) and (|3.ip to 
obtain the last inequality. 

The second and third terms are estimated similarly. In particular using the above 
argument combined with the LP boundedness of the Littlewood-Paley projection, 
we have 

(//) < [/3iV(0)-i]M / \P>N[u>8NU<8Nu]{t,y')\-\u>Nit,y')\dy'dt 

< [/3A^(0)-i]4[(A-/3)A^(0)-i]||w<8jv||L,c^L=lkl|^^^^io/3h>Ar|U,c.i^ 

<vm{or']'[{A~f3)N{or\ (4.19) 

and 

illl)<[m{0)-'f I \P>N[u%8N]it,y')\-\^>N{t,y')\dy'dt 

J/3JV(0)- 
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< [/3NiO)-']%A - mm-']\\u<sN\\l^^^.,AW>N\\LrLl 

<vm{orru-mm-']- (4.20) 

Combining ([iTf]) with pjS)) - (li:^ . we obtain 

{t,y')\'^dy'dS{z)dt 

^Af(0)-i J\z\=tJ\y'~z\<2fiN(l^)-^ 

< [2f3N{0)~^fN-^ + r,[pN{0)-^f[{A - p)N{0)-^]. 

We now observe that the inequality 

X{z:\z-v'\<2pNio)-^}{z)dS{z) > [/3iV(0)-Y 

z\=t 

for t > /3iV(0)-i and y' e {\\y'\ - t\ < /3iV(0)-i} gives 

(|4l3l) < 2^(3N{0)-^N-'^ + T]{A - (3)N{0)~\ (4.21) 

Combining the upper and lower bounds (|4.21l) and (|4.16p for (|4.13p . we then have 

c^{A - l3)N{0y^ <u 2^/37V(0)~iiV-i + tj{A - f3)N{Q)-\ 

for N sufficiently small depending on rj. Choosing t] sufhciently, small, we obtain 

{A - /3)7V(0)~i <„ 2^l3NiO)~^N~^ 

for N sufficiently small. Letting A oo gives the desired contradiction, and 
completes the proof of Theorem 14.61 □ 



5. Improved decay properties 



The main goal of this section is to complete the proof of the following theorem, 
which states that the soliton-like and low-to-high frequency cascade solutions have 
finite energy. 

Theorem 5.1. Assume that u : R x — >• R is an almost periodic solution to 
(NLW) with {u,ut) e L^{R;H^^^ x H^^) and 

miN(t) > 1. 
tei 

Then {u,Ut) £ LJ"(R;iJ^ x L^) and, moreover, there exist /3 > and Ni > such 
that 

\\{x-x{t)fP<N,Vu\\L^Ll + \\{x-x{t)fP<N,Ut\\LrLl < OO. 

Theorem 15.11 will be proved by establishing a slight improvement of the decay 
properties of u, in which bounds of the form {u,Ut) S L'^{H^ x H^^^) arc shown 
to imply {u,ut) G L'^{H^~'^ x H^~^~'^) for e > sufficiently small (see Lemma 
15.21 below) . Theorem 15.11 is then proven by an iterative application of Lemma 15. 2[ 
starting with the a priori bound {u,Ut) G L^{H^'= x H^"^^). 

More precisely, we obtain 
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Lemma 5.2. Assume that u : R x — > M is a global almost periodic solution to 
(NLW) with {u,ut) e L^{R;H^^^ x iJ^^) and 

MN(t) > 1. 
te/ 

Then there exist constants eo, (3 > and a dyadic number Ni > such that for 
any s £ (1, |], the condition 

implies 

\\{x-xit)fP<NA^r'u\\L^Ll + \\{x~x{t)fP<NA^r''"ut\\LrLl <^ (5.1) 

for every < e < eq satisfying s — e > 1 . 
particular, this allows us to conclude 

Kzit)GLr(K;ijr^xi/ri-^) (5.2) 

for any such e. 

Proof. As in [12] , we begin by observing that to prove the claim it suffices to obtain 
an estimate of the form 

iip<wjvr-^u(o)iu2(B„) + \\p<NA'^r'-'utm\LiiB^) (5.3) 

for some /3 > and aU balls Bj^ — {x : \x ~ xo\ < R} with xq e R^ and |a;o| — 3R. 

Indeed, using the time and space translation symmetries to reduce the desired 
estimate (|5.ip to the case t = 0, x{0) = 0, a. covering argument by Whitney balls 
(that is, balls of the form Bn) shows that (|5.ip follows from (|5.3p . 

To see that (I5.2|l follows from (|5.ip . fix e G (0, s — 1]. Decomposing the solution 
into low and high frequencies, and using Bernstein's inequality, we obtain 

< \\\yr'p<N^u\\L^Li + \\\vr'-'dtP<N^uh^Li 

N>Ni 

<\\\yr'p<NM\LrLi + \\\yr'-'dtP<N,u\\LrLi+ E 

A'>Afi 

< \\\^^"P<N^u\\L^Ll + \\\Wr'~'dtP<NM\LrLl + 1, (5.4) 

where to obtain the second inequality we have used the a priori bound {u,ut) G 
Lf'iHl'^ X hI'^). 

Thus, in order to obtain ()5.ip and ()5.2p . it suffices to show ()5.3p . 

Recallling the definition of in (|2.6p . we now choose < 77 < 2 such that 9{S^) > ^ 
for all 1^1 < ?7, and a dyadic number Ni such that iVi < |. Let <f)R be given by 
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and note that Ni < ^ gives supp P<Nif C : |^| < 77} for / e L^, and thus 

II^<jvJ||l^ < \\e{i^)P<Nj\\Li- 

Using the Duhamel formula of Proposition 11.51 forward and backward in time, 
we obtain 



||F<ArJVr-^u(0)|U.(B„.) + \\p<NA'^r'-'MmLiiBn) 

'-0i2^)\Vr'-'P<N,F{u{t))dt, 



< \\9mp<NA^rMo)\\hjB,^ + \\omp<NA^r'^'dMo)\\iiiB^) 



|V| 

0fl J '^^-^^^^^P^0mM'-'-'P<N,F{u{T))dT 

) 

cosi-t\V\)6{iV)\V\'~^-''P<N,F{u{t))dt, 

(Pr I cos(-r|V|)0(iV)|Vr-i-^F<Ar,F(u(r))dr\ (5.5) 



In order to obtain bounds for the space-time integrals in ()5.5p , following [19] , we 
now define the cutoff functions pR, a^, pn and ctr. 

Lemma 5.3 (Specification of the cutoffs). There exists > 1 such that for every 
R > Rq there exist cutoff functions pr,<jr and p~R,<fR £ C°°(M x M^; [0, 1]) such 
that 



(i) for all {t, x) X supp (j) 

-0(zV)|Vr-l-^P<Ar,F(u(i)) 



|V| 

sm(-t| V|) ^^^^^^^^^^ a;)| Vr-i-^P<jv,F(^.(<)) 



|V| 

and 

cosi-t\V\)e{iS/)M'-^-'P<N,F{u{t)) 

= cos{-t\V\)ei^)pRit,x)\V\'-'-'P<N,F{u{t)), 

(ii) for all {t, x) £ {{t,x) : t < ^ or t > ^R}, 

(TR{t,x) = 1, 

(iii) there exists Ci > such that for all t £M. and S as in Theorem 

dist (supp p/?crfl(t), supp (1 - p~RcrR{t))) > Ci{\t\ + R) 

and 

dist {x{t), supp iaRp~R{t))) >Cii\t\ + R), 

(iv) there exists C'2 > such that 

||VVp^||l~l5 < C2, and |lV[pfl(l - cjr)]\\l^l^^ < C2, 
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(v) there exists C3 > such that for all t < < t and x,y £ with 
{t,x), (r,y) e supp(l - an), 

\t\ + \t\ + \x\ + \y\ < C3R and \t ^ t\ ~ \x - y\ > C3R. 

Proof. Fix i?o > 1 to be determined later in the argument, and let R > Rq he 
given. Recall that a;o G is an arbitrary point satisfying |a;o| = 3R. 



\t\\ < and 



supp PR C {{t,x) : (1 - --R<\x-xo\<{l + j^)\t\ + f i?}, 



We begin by choosing such that PR{t, x) = I on {(i, x) G K x : | jx — xq] 

6 

— J 

5 

along with the condition that for each multi-index a = (ai, • • • ,0:5), there exists 
Cq > such that 

|a.>Kl<a(l<l + i?)~i"i. 

Similarly, we choose an such that = 1 on {(t, x) : \t\ e (—00, ^)U{^R, 00) or \x 
x(t)\ > f(|i| +i?)} and 

supp an C : \t\ e (-00, f ) U (f i?, 00) or |a; - a;(t)| > ±{\t\ + R)} 

along with the derivative bound 

|9>«| + |a,"(l-a«)| <C„(|t|+i?)-l"l 

for each mult i- index a. 



Next, we choose /jr such that pi^ = 1 on {{t, x) : dist {x, {x : x supp ^ PR{t, x)}) < 

Pi S 

10 To^ 



jqR+ THB-|i|}, where supp^. denotes the support in x, and 



supp PR C {it,x) : (1 - -lR<\x~xo\<{l + ^)\t\ + IR} 

along with the derivative bound 

\d^PR\<C^{\t\ + R)-^"^ (5.6) 

for each multi-index a. 



To finish the construction, we now specify aR. In particular, we choose aR such 
it (Tij = 1 on {{t, x) : dist (x, supp^ (Tfl(t)) < ^{\t\ + R)} and 

supp, C {x:\x- x{t)\ > Mt\ + R)} 



for each i € [-j, ^i?], as well as the derivative bounds 

|5^^i?,|<C„(|i|+i?)-l"l (5.7) 

for each multi-index a. 

The properties (i)-(v) are now easily verified: noting that supp 9 C {x : \xi\ < 
4,1 = 1, • • • ,5}, (i) follows from the representations (|2.1[) and (|2.2p for the linear 
propagator (in particular, this is a formulation of Huygens' principle). Properties 
(ii) and (iii) then follow directly from the construction, while (iv) follows from the 
derivative bounds given in the construction of each function, after a suitable change 
of variables. 
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To conclude (v), we note supp (1 — (t_r) C {{t, x) : \t\ G [-|, ^R]}, and thus there 
exists C > such that \t\ + \t\ < CR for {t,x), {T,y) G supp(l — <Tji). The finite 
speed of propagation in the form of Lemma 12.11 then imphes 

\x{t)\ < \x{t) - a;(0)| + |x(0)| < \t\ + |x(0)| + C. 

for aU t e K, and thus for all {t, x) E supp (1 — crj^) we have 

\x\ <\x- x{t)\ + \xit)\ < l{\t\ +R) + \t\ + C <CR 

for some C > 0, where we have used the facts R > 1 and = 1 on {{t,x) : 
\x — x{t)\ > + R)}. We therefore conclude that there exists C > such that 
for all {t, x), (r, y) G supp (1 — cr/?), 

\t\ + \T\ + \x\ + \y\<CR 

which is the first component of (v). 

To see that the second component holds, we fix Rq > max{l,5~^} and apply 
Theorem 14.61 to obtain 

\t-T\-\x-y\> S\t -t\-\x- x{t)\ - \x{t) - y\ 
>fR, 

where we observe that (t, x), (t, y) £ supp (1 — an) with t < < t gives the bounds 
\t-T\> R, \x - x(t)\ < f (i + i?) and \y - x{t)\ < f (-r + R). 

This completes the proof of Lemma 15.31 □ 



Having specified the cutoffs, we now use these functions to decompose the spatial 
integration given by the inner product in (|5.5p . obtaining 



< -( / v ''''^^^^^^\ {^V)pRit,x)\Vr'-^P<^,F{uit)), 



OR 



{-t\V\)ei^)pR{t,x)\Vr'-'P<N,F{u{t)), 



cos^ 



cosi-T\V\)0{^)pR{t,x)\Vr^-'P<N,F{uiT))) 

= -{A+,cl>nA^) - {A+,^rA^) - {A+,^rA^) - {A+,cf>nA^) 

- {B+,^rB^) - {B+,^rB^) - {B+,4>rB^) - {B+,(t>RB^) 

< WAthiU^hi + \\A+\\l2\\A^\\l2 + \\A+\\l2\\A^\\li 

+ \\B+\\li\\B^\\li + \\B+U2\\B^Ui + \\B+Ui\\B^\\li 
+ \{A+,cj)RA^)\ + \{B+,<j,RB2)\ (5.8) 
where we have set 

A+ix) r V ''"^^^'^'^ g(»V)pj,ft, x)aRit, x)\Vr'~^ P<N,Fiuit))dt, 

Jo I V I 

A^{x):= 1° W^-^^^^^^pi9{r\/)pR{T,x)aRiT,x)\\/r'-^P<N,FiuiT))dT, 
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oo 



At{x):= V^^^^^^^(?(zV)pfl(t,x)(l-afl,(t,x))|Vr-i-^P<Ar,F(uW)dt, 
as well as 

B+{x):^ / cos{-t\V\)e{i^)pR{t,x)aR{t,x)M'~^''P<N,F{u{t))dt, 
Jo 

B^{x):^ / cos{~T\\/\)9{iV)pB.{T,x)aR{T,x)\\/\'-^-'P<N,F{u{T))dT, 

<J — OO 

B+{x) := / cos{~t\W\)0itW)pR(t,x){l ~ aR(t,x))\Wr^-'P<N,F{u{t))dt, 
Jo 

.0 

52^(2;) := / cos{~t\\/\)9{iV)pr{t,x){1 - aR{T,x))\Vr^-'P<N,F{u{T))dT. 



The remainder of the proof of Lemma 15.21 now consists of estimating the norms 
and inner products appearing in (jS.Sp . We accomphsh this in the following three 
propositions. 

Proposition 5.4. We have 

max{P+|U^ \\A^\\Ll,\\Bthl, \\B^\\li} < R-'"-^ 
for every (3 < provided that e > is sufficiently small. 

Proof. We argue as in [19]. We show the estimate for ||^^||i2 and remark that the 
other estimates are similar. Using the inhomogeneous Strichartz inequality and the 
fractional product rule followed by Holder's inequality, we obtain 



< lim 

T-i-oo 



LI 



V [pR{t, x)aR{t, x)\\/\'-i-'P<N,Fiuit))] 
[y[pRaR]]\Vr---'P<N,Fiuit)) 

+ \\pR<^R^\^r'^~'P<N,F{u{t))\\^,^4/3 



Lt Lg <^ " 

+ \\pT<^T\'^r-'''p<N.F{um\^,^^.j. (5.9) 

Observing the identity F{x) — F^prgrx) + (1 — pr^(Jr^)F{x), we obtain 
Uthl < \\pT<^T\'^r''''P<N^F{p~RaRum^,^^.on^ (5.10) 
+ \\PR^'^T\^r~''"P<NA^ - P~R^'fR^)F{um\^,^2oni (5.11) 

+ \\pT<^T^\^r~'~'p<N^F{pRaRum\^,^.,s (5.12) 
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+ 4/^V|Vr-t-p<^^(l-p^Vfi3)F(u(0)||^.^4/3. (5.13) 

The rest of the proof of Proposition l5.4l is devoted to estimating the terms (|5.10p - 
(|5.13p . To estimate (|5.10p and (|5.12p . we perform a dyadic decomposition in time. 
The advantage of this decomposition arises out of the fohowing lemma, which ahows 
us to obtain uniform bounds on a locahzed Strichartz norm of the solution u. 

Lemma 5.5. There exists Rq > and C > such that 

\\^iPR<fRu)\\Ll(I;Ll) < C 

for every R > Rq and I C R of the form I = [-fR, fR] or I ^ [T,2T] with 
T > ^R. 

We remark that Lemma lSTSl is obtained as in Lemma 7.2 of p^' with an additional 
derivative which is accounted for by choosing the space-time norm in accordance 
with the Strichartz inequality. The proof is based on the small data global theory, 
finite speed of propagation, and the subluminality result. Theorem 14.61 after ob- 
serving that V is a local operator and therefore behaves well with respect to the 
finite speed of propagation. 

With Lemma ISTSl in hand, we return to the task of estimating (|5.10p and (|5.12p . 
We set To = 0, Tj = ^R2^-^, j >l and use LemmalOlfv) along with the Sobolev 
inequality and the decomposition 

PR<fRu{t) = P<SNiip~R<fRu{t)) + P>8Niip~R<fRuit)) 

to obtain 

oo 



j=o 



7r ' '[P<8N^{p~R(fRu{t))f\\^,^J^,^4/3^ 

|V|''"'"^[P<8Ari(pflCTflu(i))][P>8Ari(pflCTi?M(t))]pflaflu(t)|| 2fr..r4/3 



+ \\P<N^\y\''''^''[P>8NAP~R'^~Ru{t))f\\^2^j^.L^J^-^ 

OO 

=: 5^(7), + (//), (5.14) 

with Ij = [Tj,Tj+i], where we have used the support of the Fourier transform to 
conclude that the third term is zero. In the interest of simplifying notation for the 
rest of the proof, all norms in the subsequent argument will be on the interval 

To bound we consider two cases: s > | and s < |. If s > | we use 

the Holder inequality in time followed by the fractional product rule, interpolation, 
p.ip . Proposition 13.11 Proposition 13.41 and the Bernstein inequalities (provided 
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^ ^ 150^ 



< {VR) \\p<,N, {PRcfRum\'ZT\\p<^N, {PRd-Rum'/^Z 



<u + 2^)]T3-TS§(i-Tiio)(8Ar^)''-^-t(8iVi)TSo-f 
■\\ViPRaRum\%' \\\vr^-iipnanum\'^' ^ 

^t.x J OCT f>-4e 

<„,A., [i?(l + 2^)]-iST|||v|Mi)lli/^. 

<„,Ar, [i?(l + 2^)]-w, (5.15) 



where to obtain the fourth mequahty we use R> 1, Lemma 15.51 and the Sobolev 
embedding. Moreover, in obtaining the second to last inequahty, we invoke the 
fractional product rule, Sobolev embedding and the bounds (|5.6p and ()5.7|) to obtain 
the estimate 

\\M'{pR<fRUm\LrLl < ll|Vr(pflO-fl)|| ^ 

^\\{pROn)\\LTj\^Yu{t)\\LrLl 

<ll|V|MOIlLrL^ (5-16) 

It now remains to consider the case s < \. Towards this end, fixing w £ 

("TFF^^'^]' proceed in a similar manner as above: using Holder in time, fol- 
lowed by the fractional product rule, interpolation. Proposition 13.11 Proposition 
13. 4[ p.ip . and the Bernstein and Sobolev inequalities, we obtain 



(/), < {2m)^(^\\\V^'-i[P<sN^ip~RaRUm''\ 



< (2^i?)^TO ||P<8Ar, ip~RaRUm\[fl^^'\\P<sN, (pRd-RUmiLrLl 

2(4-33) 



■\m'-'---p<sNAp~R<fRAmLYL:^\\M^^^ 

^ , A . 3(3-2s) 199 , 8(5-m) x 2(4-33) /9 5> 

<„ (2-'i?) 2(11-83) + 100 (- 5(12-™) )(87Vi) 11-63 U-^-^) 

2(4-33) 



' ' " - 9 — 4e 



. . 3(3-23) , 199 , 8(5-m) ^ 
<„,Ari (2-'i?) 2(11-63) + 100 (- 5(12-™)) 

3 



^\^{PRORum\]^^<^'\m{p~ndRum 

g/^, 2s) 199 8(5^ lo ) 2(4 — 3s) 

<„,^, (2^P)^(n-^+TO(-^a^)|||Vr«(i))||2^ 

501 



< 



[i?(l + 2^)]-Tooo. (5.17) 
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for e < yIo' "where we have set 

rr - 60 J ^ _ 1500(4-3^) 

"1 5+12s-12c '^^^^ "2 2689-2019s+450e ' 

chosen ix; sufficiently close to ^^^^^^^'^ , and recalled that we have R> 1. We remark 
that in order to apply Bernstein in the third inequality, we have observed f72 > 
when e < and s < |. We also note that to obtain the fifth inequality, we used 
Lemma [531 and (|5.f 6p . 

It now remains to estimate the term {II) j- For this, we use Holder in time and 
space, followed by interpolation and the Bernstein inequalities to obtain 

(//), < N''''^2'R)i\\ [P^sN, {pR.'fRu{t})]pnanu{t)[P>8m 11^^3^4/3 

<Nr'-''{2'R)^\P<SNAPR'fR<m\LrLl\\PR'fRu{t)\\LrL^^ 

■ ||^'>8Ari ip~R<fRU{t))\\ j^20/7 

<uNr'-H2^R)i\\pRaRu{t)f^ 



\P>8Ni ip~R<fRu{t)) 1 1 ^3^" 1 1 P>8Ni ip~R(fBu{t))\\ ^^2° 2 



9s 



<uN^-^-'[Ril + 2n]-^^\\ViPRaRu{tm'/iyy\%P~R'fRn^^ 

<u,N, [i?(l + 2Jr«. 

where we have used p.ip and Proposition 13.41 with w = 3 to obtain the second to 
last inequality, and Lemma 15.51 and (j5.I6p to obtain the last inequality. 

Combining (|5.I5p and (|5.I7p with (|5.I4p . we obtain 

(I5l0l) + ([51^ <u,Ni R~^ (5.18) 
whenever e is sufficiently small. 

We now estimate (|5.1ip and ()5.13p . Note that by the Sobolev inequality, we have 

(EUD + o < \\p]('<7]('\wr^--^p<NAi - piai,)F{umL2Lt^^ (5.19) 

< ||(|t| + R)-^+^-\l plal)F{u{t))U.L^ (5.20) 



<\m + R)-^+^-'h^j\F{um\LT 



LI 



<u R-^-^ (5.21) 

whenever f3 < s ~ e, where we have invoked Lemma 12.31 with a = s — e — j, 
A = Ci{\t\+ R), q = ^ and p = 1. The claim follows by combining ((5l^ and [???T] 
and observing that for e < i, /3 < implies /3 < ^ < s — e. This completes the 
proof of Proposition 15.41 □ 

Proposition 5.6. We have the bounds 

ms^x{\\A+\\L2,\\A^\\L2, \\B+\\li,\\B^\\li} < ■ 

Proof. The proof proceeds as in the proof of Lemma 7.4 of [TH]- We show the 
estimate for ||j4J||2,2 and remark that the other estimates are similar. Setting lu ~ 
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[■f ' "'t^]' '^^^ inhomogeneous Strichartz inequality followed by the fractional 
product rule, Holder's inequality, and the Sobolev and Bernstein inequalities to 
obtain 



\A2\\lI < lim 







LI 



V[pRit,x){l-aR{t,xm\L^LUIn><m\\\^r P<N^F{um\L2Ll/^(^I^^ 



+ WpRil ~ aR)\\L^L^\\\Vr'P<N,F{um\r2r^^/^< 



< 
< 
< 



?^i^("W)I1l?L=/''(/hxR5) 



Fium\^^^.,.\iR\^ 



where we have used 13.11 interpolated with the a priori bound (u,ut)e L^{m 

' 1/2 

Hx ) to obtain the last inequality. 



\3/2 



□ 



To estimate the last term in (jS.Sp , we will make use of the following weak diffrac- 
tion lemma, the proof of which we give in Appendix A. This result is the analogue 
of the weak diffraction property presented in [W, adapted to the dimension d = 5 
setting. 

Lemma 5.7. (Weak diffraction) Fix cj) e C°°(R'''; [0, 1]) such that (j){x) = 1 for 
\x\ < 1 and 4>{x) — for \x\ > 2. Then there exists C > such that if F,G : 
M X — >■ R are given along with Ro,Ci,C2 > such that for every R > Rq we 
have 

supp F X supp G C 

I ((i, x), (r, y)) : \t\ + \t\ + \x\ + \y\ < C,R, \t - t\ - \x - y\ > C^R^ 

then for every R > Ro and xq G R'^ we have 

\I{F,G,R)\ < GR-'/''\\FU^i^.\\Gh^r.i (5.22) 

where 

IiF,G,R) -.^l I (V^.(.V)FW,^(:^)v!^.(.V)G(.))d... 



{cos{t\W\)d{iW)F{t), (pi'—p-) cos{T\W\)9{iW)G{T))dTdt. 

R 



where 9 is defined in 
Proposition 5.8. We have 

\{A+,cf>RA-) + {B+,<f>RB-)\ < R-^ 

for every /? < 
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Proof. The proof proceeds as in the proof of Lemma 7.5 of ^IQj. We apply Lemma 
[SJlwith 

G{t) = pr{t,x){1 ^ aR{T,x))\Wr^-'P<N,F{u{T)). 

Note that the hypotheses of the lemma imply that F and G have the required 
support. We therefore conclude 

\{At ,cI,rA^) + {B+ ,cj,RB^)\ < R-'/^'\\FU^li\\G\\l^li 

<R-'/''\\Fiu)\\l^^.^ 

< ^-1/26^ 

where we have used the Bernstein inequality along with the condition s — 1 — e > 
to obtain the second inequality, and Proposition 13 . 1 1 to obtain the third inequality. 
Then R> 1 implies R~^^^^ < R~^ for every /3 < which gives the desired result, 
completing the proof of Proposition 15.81 □ 

We are now ready to complete the proof of Lemma [521 In particular, collecting 
Proposition [531 Proposition 15.61 and Proposition [5?H1 and invoking ()5.8p we obtain 

iiF<A,jvr-^u(o)iu2(B^) + \\p<N,\vr^-^um\\Li(B,) 

whenever e and (3 are sufficiently small, which concludes the proof of Lemma [5^ □ 

Proof of Theorem \5.1\ Iteratively apply Lemma 15.21 starting with s — 3/2, to ob- 
tain (m, Ut) e L^(ij|~' X H^~^~-^), with e sufficiently small to satisfy the hypotheses 
of Lemma 15.21 The claim then follows after finitely many iterations. □ 

6. Proof of Theorem II. II 

In this section we conclude the proof of Theorem 11.11 by precluding each of the 
scenarios identified in Theorem ll.6l We begin with the finite time blow-up solution. 
As we mentioned in the introduction, the argument used to rule out this scenario 
in high dimensions d > 6 in [3 is also applicable to the present case. In particular, 
we outline the arguments used in the proof below. 

Proposition 6.1 (Finite time blow-up solution). There is no solution u : I xM.^ —>■ 
K with maximal interval of existence I satisfying the conditions of a finite time 
blow-up solution as in Theorem ] 1.6\ 

Proof. We argue as in [3] ; see also [H [TH [TH [20] . Without loss of generality (using 
the time translation and time reversal symmetries), suppose that sup / = 1. The 
first step is to show that there exists a;o G K'^ such that 



supp u{t), supp Ut{t) C B{xq, 1 — t) 



(6.1) 
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for all t e /. This is accomplished by making use of the finite speed of propagation 
along with the definition of almost periodicity (for details, we refer the reader to 
the proof of Lemma 6.2 in and the references cited therein). 

We now estimate the energy, using (|6.ip . Holder's inequality and the Sobolev 
embedding to obtain 

Eiuit),u,it)) = [ hyu(^t)\' + hu,(t)\' + hu{trdx 

J\x-xo\<l-t ^ ^ 4 

<(l-t)IIK-0lli.(^3/.,^y.) 
<(l-t) 

where we have used the a priori bound (u,Mt) e L^i0'^ X ij^^). Letting t 1 
and using the conservation of energy, we obtain 

which gives u = 0, contradicting 11^11^6 — oo. □ 

We now turn to the two global scenarios identified in Theorem 11.61 the soliton- 
like solution and the low-to-high frequency cascade solution. We remark that the 
essential ingredient in precluding these scenarios is Theorem 15.11 We begin with 
the soliton-like solution. 

Proposition 6.2 (Soliton-like solution). There is no solution u : M x M'' ^ M 
satisfying the conditions of a soliton-like solution as in Theorem \l.(A 



Proof. The proof proceeds as in [19] ; see also Section 8 of [3 . Suppose for contra- 
diction that such a solution u exists. Let T > be given. Invoking [20l Lemma 
2.6] (see also Lemma 8.3 of [3]), we obtain 



Jo Jr^ ~ ho J^ J\x~x(t)\<R. 



dxdt 



^ E 7^ / / Ht.x^dxdt 



> clog , ^, 
On the other hand, the Morawetz estimate 



d' + iJi J\x~x(t)\<R 

C + \T\ ' 



gives 



JO JM^ F 



<1, 
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where we have used Theorem 15.11 and (|3.ip to see the finiteness of the right hand 
side. Taking T — > cxd, we obtain a contradiction as desired. □ 

To conclude, it therefore suffices to rule out the low-to-high frequency cascade 
solution of Theorem 11.61 For this, we first recall that for any almost periodic 
solution u to (NLW), the compactness characterization (|1.4|) of almost periodicity 
implies that there exists c{rj) > such that 

\^^'u{t,0\^ + \\e/^Mt,0\^dC<v (6.2) 

\i\<c{v)Nit) 

(see for instance, Remark 3.4 of [3, and (8.1) in [H]). We then have 

Proposition 6.3 (Low-to-high frequency cascade solution). There is no solution 
It : R X M'^ — > M satisfying the conditions of a low-to-high frequency cascade solution 
as in Theorem ] 1.6\ 

Proof. We proceed as in ITO]; see also Section 9 of [3 . Assuming for contradiction 
that such a u existed, we choose a sequence {t„} such that i„ — ?> oo and N{tn) — > oo 
as n — >■ oo. Fix rj > 0, choose c{r]) as in (16. 2p . and fix a dyadic number Af e (0, i). 
Suppose that n is large enough to ensure M < c{ri)N{tn)- We may then write 

U<c(ri)N{t„)itn) — U<M{tn) + Um <-<c{ri)N {t„){tn) , 

SO that by applying the Bernstein inequalities. Holder's inequality, and (j6.2p . we 
obtain 

llVu<c(,,)jv(t„)(^n)llL2 < \\^U<M{tn)\\Ll + II Vum< • <c(r,)Af (t„) II 



< ||(x - x(t))^Vu<i|U»i. ||(x - x(t))-'5||^^„^e/, -f 

<MT+M-^/\, (6.3) 
where we have invoked Theorem 15.11 and noted that 

\\{x-x{t))-^\\^^/, (^J ^{x~x{t))-^dx^^ 

for any t G M to obtain the last inequality. 

On the other hand, the Bernstein inequalities may also be applied to the high 
frequency portion of u(i„), giving 



13/6 

< OO 



l|Vu>c(^)JV(t„)(in)||L^ < [c(7?)Af(in)]-'/'|l|V|3/'u>,(^)jv(*„)(t„)|l 



LZ 



<[c{v)N{t,,)]-'/^M'/MLrLi 

< [c(r7)7V(t„)]-i/2 (6.4) 
where we have used the a priori bound {u,Ut) £ L^{Hx^^ x iJ^^). Combining 



6.3p and (|6.4p then gives the bound 

||Vu(t„)|U. < + M-'l^r, + [c{n)N{t,,)]-'l\ (6.5) 



THE DEFOCUSING ENERGY-SUPERCRITICAL CUBIC NLW IN DIMENSION FIVE 39 



Repeating these arguments for ut{tn), we obtain 

\\P<c(n)N{t,,Mtn)\\Ll < + M-^'\ 

and 

\\P>c{r,)N{t„)Ut{tn)\\Ll < [c(??)iV(t„)]-l/^ 

and we therefore obtain 

\\utit,,)\\Li < + M-^/^Tj + [c{ij)N{t,,)]-^/\ (6.6) 

We now estimate the potential energy. For this, we note that the Sobolev em- 
bedding foUowed by interpolation gives 

Mt^)\\Li<\m'/Mtn)\\Ll 

1 /2 

< (MT+Af-i/2^+[c(ry)7V(t„)]-i/2^ , (6.7) 

where we have again used the a priori bound {u,ut) e Lf{Hl''^ X iJ^^). 
Combining (|6.5p . (|6.6p and (|6.7p . we obtain 

E{UQ, U{) = E{u{U,),Ut{tn)) <UJ + LJ^'^, (6.8) 

where 

oj = Af T + + [c(77)7V(t„)]-i/^ 

Recall that (|6.8p holds for all n sufficiently large (depending on M and 77). Fixing 
M and 77, we now let n — > 00 to obtain 

^^("0, ui) < + M^^/^T] + (a/tt + A/^^/^ry) . 

We now let 77 —> followed by Af — >• to conclude E{uo, ui) — and thus u = 0, 
contradicting ||ii||^6 = cx). □ 

Appendix A. Proof of Lemma 15.71 

In this appendix, we prove the weak diffraction result. Lemma 15.71 which is used 
in the proof of Proposition 15.81 

Proof. We argue as in 19 . To prove the theorem, we decompose the integral 
I{F, G, R) into the sum of five terms, each of which will be estimated individually. 

Toward this end, we use the Plancherel theorem and the identity 4'{—^){0 = 
R^e-'^°<ij){RC) to write 

/ (V^.(7V)^(t), ^i^)v'^^emGir))drdt 
= J i?5sin(t|^|)sin(rh|)0(O0(77)|^ 
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Summing this with a corresponding identity for the operator cos(i|V|) and using 
the changes of variables ^ 2^ + r], r] r] — ^, we find 

I{F,G,R) = J i?5(^cos(t|^|-T|r7|)-sin(i|C|)sin(T|r7|)(l-|^) 



6'(06'(7?)e-*^''-«(«-^)(/>(i?(C - ri))F{t,^)G{T,ri)drid^dTdt 



= J ^(Re[e^(*l«l-W)](l + |^) + Re[e'-(*l^l+^l''l)](l-|^ 



• e{£,)e{r])e-^''o-R{i-v)^(R(^ - T]))F{t, ^)G{t, T])dT]d^dTdt 
= (!) + (//) + (///) + (IV) + (V), 
where we have set 

(/) = J 2'^R^A{t, T, /z, v)(j){R^^''^^^i)F{t, n + v)G{t, h - v)dndudTdt, 
{II) = j 2^R^Ai{t,T,ii, - (/>(i?"/25^))^(^i2/25^)j^^^^^ ^ v)G{T,iJL-v)d^idvdTdt, 

{III) = f 2^R^A2{t, T, II, v){l - ct>{R^^'^^n))(j>{R^^/^^u) 

i|(t,T,u,i/):|t+r|<fl2.V26i 



F{t, n + v)G{t, /X — i/)dijdpdTdt, 

{IV) = / 2^R^A2{t, T, fl, U){1 - ,^(i?"/25^))</,(i?12/25j,) 

J{(t,T,/i,i/):|t+rl>_R25/26} 

F{t, fj, + v)G{t, fj, — i')diJ,dudTdt, 
{V) = J 2^R''A{t,T,fi,,,){l - - </>(i?i2/25^)) 

F{t, n + u)G{t, h — y)diidi>dTdt, 

and 

A{t, T, jJL, v) := Ax{t, T, /i, v) + A2{t, T, v), 

Ar{t, r, y) := Re[e^(*l''+''l--l''-^l)](l + + '^^'/^ ~ ) 

l/u + v\\ii- v\ 

0{li + v)e{iJL - z/)e-^^o-2«^J(i?(2i^)), 
A2{t,T,„,v) :=Re[e'(*l^+H+^l^-H)](i_ (/; + '-) ■ (/'-';) ) 



e{ii + v)e{ix - u)e-'^o-2R,^(j){R{2u)). 
It now remains to estimate the terms {I)-{V). For notational convenience, we 

set 

Xi := {t : supp F n {{t} x R^) ^ 0} x {r : supp G n ({r} x R^) ^ 0}, 

X := Xi X X M^, 
and note that the hypotheses of the lemma imply < {2CiR)^. 
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To estimate (/), we use the change of variables /z i~> i? ^^/'^^fi and v ^ R io 
obtain 

1(7)1 < / i?^||F|Uooii||qUoo^i |A(t,T,/X,!/)||<A(iilV25^)|^^rfj,rf^^i 

Jx 
Jx 
Jx 

<R-''/'\X,\\\Fh^L^\\Gh^r^^ 

where to obtain the fourth Une we have used ^ G and the bound 

/ \m\dy<c{l jKidv+l -Lrf^')<oo, (A.l) 
Jmp \J\v\<i ri J\i^\>i rr / 

which follows from the observation that (j) € allows us to choose constants 
Cm > such that 



m)\ < Cm\^\- 



(A.2) 



for every m > 1. 



To estimate (//), we write Ai{t,T, Hjv) as the sum of two terms and estimate 
the resulting oscillatory integrals. More precisely, we obtain 



< 



J F{t,x)G{T,y)(^J 2'^R^e"<^'+''^-'y<''-'''> Ai{t,T, ii,^) 
■ (1 - (l>{R^^/'^^^i))(i>{R^'^/'^^u)diJLdi^dxdydTdt 

F(M)«(r,.)(/e»-.<».'.,(.,.)....)„ 



< / \F(t,x)\\G{T,y)\R-''^'^'^dxdydtdT 

<R-^"^''\\FU^i^.jGUrLi. 

where we have used the oscillatory integral estimate 



< i?-74/25 



(A.3) 
(A.4) 



for (T = ±1, with 



= + v\-T\ii-v\) + n-{x-y)+u-{x + y)], 

= (1 - ./>(i?"/25^))</.(i?12/25^)i?5 



e-i=oo-2Ri^(j,{2Ru)e{lJL + u)e{lJL - Z^) 1 + 



\H + u\\H-v\ , 
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To establish (|A.4 1, let (/i, ly, r, t) be a given point in the support of the integrand. 



We first show that 



is bounded away from zero. Indeed, using Cauchy- 

Schwarz followed by the inequality yl^^j^^jp < ^f}\\f^±l (which follows from 
ImI > -R""/^^ and < 2i?-i2/25)^ obtain 



ImI 



R 



R 



ImI 



at{^ + v) o't{^ — v) {x — y) 



R\fi 



R\fi — , 



R 



> G2 — Ci max < 1 ; — r, 1 — 



>C2-Ci( 1- Ji- 

>C2- 

> C2 
>1, 



CM'' 

2Cii?-^4/25 
(i?-ll/25 _ 2i?-12/25)2 



provided i? is chosen sufficiently large. 

We now set a = (a • V^cp) -A. Observing the identity e*^"^ = R^'^{a 



iWf^)^e^^'^ and integrating by parts, we obtain 



< i?-12/5 sup 

|iy|<2_R-12/25 
|l/|<2_R-12/25 



|(V^-a)>|d/x 



|At|>-R-"/2'3 



which establishes (|A.4p as desired, where we have used the estimate 

sup|(iV^ •a)Vj| < Ci?Vr^- 



(A.5) 



We now turn to the estimate of {III)- To estimate this term, we begin by 
observing that for R sufficiently large, the conditions |^| > R^^^^^^ and Iv] < 
2^-12/25 gjyg ^ 2|i/|. We therefore obtain 

|(///)|<i?5 / ^-^eifi + iyMi2Riy)\\\F\\L^LiJ\G\\L^LldtxdiydTdt 

JK=3xR=xS IMI 

<RnFU^Ll\\G\\L^Ll I \v\''\^{2Rv)\dvdTdt 

<R-'\\F\\LrLi\\G\\LrLi\s\ 
<R-'/''\\FU^Li\\GhrLi 
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with 

S:= (Xin{(t,T) : |t + T| <i?25/26|)^ 
where for the first inequahty we have used the bound 



on the support of (1 - <f>{R^^/^^ fj,))(j){R^^/^^ v), while for the second and third in- 
equahties we have used the bounds 



and 



[ \v\''\^{2Rv)\dv = R-^ j \v\''\^{2v)\dv 

~^{U\\l^ [ Wfdu + C [ \2iy\-^diy) 
Jm<i Jm>i 



< R- 



< CR-\ 



respectively. 



To estimate {IV), we proceed similarly to our estimate of (//) above, writing 
A2{t, T, n, v) as the sum of two terms and estimating the resulting oscillatory inte- 
grals. More precisely, we obtain 



< 



j F{t,x)G{T,y)(^j e^^^('''^)V(/^,i/) 



• R^e-'^o-^R''4>{2Ru)^{R'^^/^^iy)dndiyj dxdydrdt 
J F{t,x)G{T,y)(^J e'^^^^'^^{^,v) 
■ i?5e-ixo-2fl..0(2i?z/)0(i?i2/25j,)^^^j,^ dxdydrdt 

< [ \F{t,x)\\G{T,y)\R-^^^/^^dxdydtdT 

JK= xK= xXi 

<\\F\\LrLi\\GhrL^^R-'''^''\Xi\ 
<\\F\\LrLi\\GhrLiR-''/''- 

where we have used the oscillatory integral estimate 

J (^J e'^'i)dl^ g-ixo •2K.^(2i?Z/) (/)(i?12/25 ^-j^j, < ^-129/52 (A_g) 

for £7 e {—1, 1} and 

Lfa = (T{t\ii + v\+ T|/i - + ii{x -y) + v{x + y), 



\^i + v\\lJ.-v\ 



(1 - </.(i?"/2v))- 
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To obtain (|A.6|) . we write the left hand side of (|A.6[) as 

j=i 

where the functions r]j form a partition of unity subordinate to the open cover 

25 25 
{max{|^j| : i 7^ fc} < Y^Mfe}, {niax{|/i,| : i 7^ fc} < -^2^*^^' 

for fc = 1, • • • 5. 

We consider the j = 1 term and note that by symmetry one may estimate the 
other terms in a similar manner. Invoking the Van der Corput lemma, we bound 
the modulus of the left hand side of (jA.6p by 



i?^|0(2i?J.)||0(i?12/25j,)| 



< 



< 



Fx[0,oo) 



1/2 



R'^\4>{2Riy)\ |(/)(i?i2/25j,)| 



dv 



t + T 



dv 



< jj-129/52 



with Y = {{fi2, fi3, (14) : \fii\ < /^s}, where to obtain the second inequality we have 
observed that for every {fJ.ji') in the support of the integrand and {t,T) e Xi, we 
have the inequalities — ^ and n^, as well as 

;,2 ~ JmP-M? . Ci?l-V25 

^/.i'^T-cr-(t + T-)- 



< 



and for R sufficiently large 

^2 



>\it + r) 



> 



> 



\t + T\ ci?-i/'^5ou^.^| 



Ai5 

|t + r| 

2/^5 



M5 



< 



and to obtain the last inequality we have recalled that ^^^i^^^ ^ ^25/52 
domain of integration. 



the 



It remains to estimate (V), for which we proceed as in (/). In particular, we 
observe that by (|A.2[) . we have the inequality \(j>{2Riy)\ < C\2Riy\^^, from which we 
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obtain the bound 

1(^)1 < / i?^|^(t,T,A.,;.)|(l-<^(i?"/25^i))(l-</.(i?12/2V)) 
JX 

\\F\\L^L.\\G\\L^Lld^idvdTdt 

< [ ii^^(/. + i/)|.^(2i?!/)|(l-<^(i?i2/25^,))||^|| IIGII^oo^id^dz/drrfi 
Jx 

< \\9h4F\\LrLl\\GhrLi f R-M-'dudrdt 

<\mLA\F\\LrLi\\G\\LrLiR-'^'^'\x^\ 
<\\F\\LrLi\\GU^LiR-"'''. 

□ 
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